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GENERALIZED DERIVATIONS ON MODULES 


GH. ABBASPOUR, M. S. MOSLEHIAN AND A. NIKNAM 

Abstract. Let A be a Banach algebra and M be a Banach right A-module. A linear map 
6 : M ^ M is called a generalized derivation if there exists a derivation d : A —> A such 
that 

S(xa) = S(x)a + xd(a) (a G A, x G M). 

In this paper, we associate a triangular Banach algebra T to Banach A-module AI and 
investigate the relation between generalized derivations on M and derivations on T. In 
particular, we prove that the so-called generalized first cohomology group of M is isomorphic 
to the first cohomology group of T. 


1. Introduction. 

Recently, a number of analysts PEiini have studied various generalized notions of deriva¬ 
tions in the context of Banach algebras. There are some applications in the other helds of 
study HU. Such maps have been extensively studied in pure algebra; cf. Ensmu. 

Let, throughout the paper, A denote a Banach algebra (not necessarily unital) and let M 
be a Banach right A-module. 

A linear mapping d : A ^ A is called a derivation if d{ab) = d{a)b + ad{b) {a,b G A). 
If a G A and we define da by da{x) = ax — xa (t G A). Then da is a derivation and such 
derivation is called inner. 

A linear mapping d : M —*■ M is called a generalized derivation if there exists a derivation 
d : A —A such that 6{xa) = 6{x)a + xd{a) {x E M,a E A). For convenience, we say that 
such a generalized derivation d is a d-derivation. In general, the derivation d : A —»• A is 
not unique and it may happen that 6 (resp. d) is bounded but d (resp. d) is not bounded. 
For instance, assume that the action of A on M is trivial, i.e MA = {0}. Then every linear 
mapping d : M —> M is a d-derivation for each derivation d on A. 
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Our notion is a generalization of both concepts of a generalized derivation (cf. [3 El) and 
of a multiplier (cf. [ 7 ]) on an algebra (see also mi). For seeing this, regard the algebra as a 
module over itself. The authors in p] investigated the generalized derivations on Hilbert C*- 
modules and showed that these maps may appear as the inhnitesimal generators of dynamical 
systems. 


Example 1.1. Let M be a right Hilbert C'*-module over a C'*-algebra A of compact operators 
acting on a Hilbert space (see mi for more details on Hilbert C'*-modules). By Theorem 
4 of [ 2 ], M has an orthonormal basis so that each element x of M can be expressed as 
X = < vx,x >. If d is a derivation on A, then the mapping S : M ^ M dehned by 

A 

d(a;) = ''^^vxd{< vx, a: >) is a d-derivation since 

A 


S{xa) 


6 j 'y^v\ < Vx, xa > 


'^^vxd{< Vx, X > a) 

A 

''^^vxd{< Vx, X >)a + ''^^vx < vx,x > d{a) 

A A 

5{x)a + xd{a). 


The set B{M) of all bounded module maps on M is a Banach algebra and M is a Banach 
i3(M)—H-bimodule equipped with T.x = T{x) {x e M,T G since we have T.{xa) = 

T{xa) = T{x)a = {T.x)a and ||T.xa|| < ||T|| ||x|| ||a||, for all a G G M,T G B{M). 

We call d : M —M a generalized inner derivation if there exist a G H and T G B{M) such 
that 6{x) = T.x — xa = T{x) — xa. Mathieu in [ 1 ^] called a map 6 : A ^ A a. generalized 
inner derivation if 6{x) = bx — xa for some a,b E A. If we consider H as a right H- module 
in a natural way, and take T{x) = bx, then our dehnition covers the notion of Mathieu. 

In this paper we deal with the derivations on the triangular Banach algebras of the form 

/ B{M) M . _ 

Such algebras were introduced by Forrest and Marcoux [Sj that 


T = 




0 


A 


in turn are motivated by work of Gilfeather and Smith in ^U] (these algebras have been 
also investigated by Y. Zhang who called them module extension Banach algebras mi). 
Among some facts on generalized derivations, we investigate the relation between generalized 
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derivations on M and derivations on T. In particular, we show that the generalized hrst 
cohomology group of M is isomorphic to the hrst cohomology group of T. 

2. Main Results. 

If we consider A as an A-module in a natural way then we have the following lemma about 
generalized derivations on A. 

Lemma 2.1. A linear mapping 6 : A ^ A is a generalized derivation if and only if there 
exist a derivation d : A ^ A and a module map (p : A ^ A such that S = d + ip. 

Proof. Suppose 5 be a generalized derivation on A, then there exists a derivation d on A 
such that 5 is a d-derivation. Put ip = 6 — d. Then for each a,x & A we have 

(p{xa) = 6{xa) — d{xa) = 6{x)a + xd{a) — {d{x)a + xd{a)) = (d(x) — d{x))a = (p{x)a 

Thus is a module map and 6 = d + ip. 

Conversely, let d be a derivation on A., ip he a. module map on A and put 5 = d + ip. Then 
clearly d is a linear map and 

5{xa) = d{xa) + ip{xa) = d{x)a + xd{a) + ip{x)a = {d{x) + ip{x))a + xd{a) = 5{x)a + xd{a) 

for all a,x & A. Therefore d is a d-derivation. □ 

The next two results concern the boundedness of a generalized derivation. 

Theorem 2.2. Let A have a bounded left approximate identity {ea}aei ^ be a d- 

derivation on A. Then d is bounded if and only if d is hounded. 

Proof. First we show that every module map on A is bounded. Suppose that 93 is a module 
map on A and let {a„} is a sequence in A converging to zero in the norm topology. By 
a consequence of Cohen Factorization Theorem (see Corollary 11.12 of |1]) there exist a 
sequence {&„} and an element c in A such that ^ 0 and a„ = cd„, (n G N). Then 
= p{cbn) = p{c)bn —> 0. Thus by the closed graph theorem, ip is bounded. 

Now let d be a d-derivation. By Lemma 2.1, 6 = d + ip for some module map ip on A. 
Therefore d is bounded if and only if d is bounded. □ 

Corollary 2.3. Every generalized derivation on a C*-algebra is bounded. 
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Proof. Every derivation on a C^-algebra is automatically continuous; cf. ^31- D 

Let (^ : A —> A be a homomorphism (algebra morphism). A linear mapping T ■. M ^ M 
is called a (p-morphism if T{xa) = T{x)(p{a) {a E A, x & M). If (p is a isomorphism and T 
is a bijective mapping then we say T to be a (^-isomorphism. An zd^-morphism is a module 
map (module morphism). Here id a denotes the identity operator on A. 

Proposition 2.4. Suppose 6 is a bounded d-derivation on M and d is bounded. Then 
T = exp(d) is a bi-continuous exp{d)-isomorphism. 


Proof. Using induction one can easily show that 

n 

dW(a:a) = 

r=0 

For each a E A,x E M we have 


T{xa) = exp((5)(a;a) 


^ n\ 

n=0 

cxD ^ n 


n)| 


xaj 




r). 


n\ 

n=0 r=0 

cx) n ^ 

n=0 r=0 ^ 

OO C30 

d(»)(a)) 

nl nl 

n=0 n=0 


= exp (5) (x) exp (d) (a) 


The operators exp(d), exp(d) are invertible in the Banach algebras of bounded operators on 
M and A, respectively. Hence T is an exp(d)-isomorphism. □ 


Proposition 2.5. Let 6 be a bounded generalized derivation on M. Then 6 is a generalized 
inner derivation if and only if there exists an inner derivation da on A such that d is da- 
derivation. 


Proof. Let d be a generalized inner derivation. Then there exist a E A and T G B{M) such 
that d(a;a) = T{x) — xa [x E M). We have 5{x)h + xdaip) = {T[x) — xa)b + xah — xba = 
T{x)h — xba = T{xb) — {xb)a = 6{xb) (b E A,x E M). Hence d is a da-derivation. 
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Conversely, suppose 5 is a rfa-derivation for some a E A. Define T : M —M by T(x) = 
6{x) + xa. Then T is linear, bounded and T[xh) = 5{xh) + {xh)a = {6{x)h + xdaip)) + 
xba = 6{x)b + xab — xba + xba = {S{x) + xa)b = T{x)b. It follows that T G B{M) and 
6{x) = (^(a;) + xa) — xa = T{x) — xa. Therefore 5 is a generalized inner derivation. □ 


The linear spaces of all bounded generalized derivations and generalized inner derivations 
on M are denoted by GZ^{M, M) and M), respectively. We call the quotient space 

GH^{M, M) = GZ^{M, M)/GN^{M, M) the generalized first cohomology group of M. 

Corollary 2.6. GH\M, M) =0 whenever H\A, A) = 0 


Proof. Let 5 : M —>■ M be a generalized derivation. Then there exists a derivation d : A ^ A 
such that (5 is a d-derivation. Due to iL^(y4, A) = 0, we deduce that d is inner and, by 
Proposition 2.5, so is S. Hence GH^{M, M) = 0. □ 


Using some ideas of PEE], we give the following notion: 


Definition 2.7. T = { | ) ; P £ B{M),x E M,a E A} equipped with the usual 2x2 

0 a 


matrix addition and formal multiplication and with the norm 


T X 
0 a 


= lir|| + U|| + 


||a|| is a Banach algebra. We call this algebra the triangular Banach algebra associated to 

M. 


The following two theorems give some interesting relations between generalized derivations 
on M and derivations on T. 

Let d be a bounded d-derivation on M. We define : B{M) —>• B{M) by As{T) = 
6T — T6. Then is clearly a derivation on B{M). 


Theorem 2.8. Let 6 be a bounded d-derivation on M and d he bounded. Then the map 


: T 


T defined by 


T X 
0 a 


As{T) 6{x) 
0 d(a) 


is a bounded derivation on T. 


Also S is a generalized inner derivation if and only if is an inner derivation. 
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Proof. It is clear that is linear. For any Ti, T 2 G B{M), xi,X 2 G M, oi, 02 G A we have 




Ti xi 

0 Oi 


T 2 X2 
0 02 


= 


T1T2 T1.X2 + a^i 02 

0 Ci\0j2 


As{TiT2) 5{Ti.X 2 + Xia2) 

0 d{aia2) 

As{TiT2) 6{Ti{x 2)) + S{xi)a2 + Xid{a2) 

0 (iid(^(i2^ P (i(fli)fl 2 

TiA,(T 2 ) + As{T^)T2 T,.6{x2) + x,d{a2) + {6T, - T,6){x2) + 6{x,)a2 
0 CLid(^CL2^ P (i(Ol)fl 2 


Asm sm \ / MTi) sm \ t2 x2 

0 d{a 2 ) I \ 0 d{ai) y I 0 02 


Ti 

Xl 

0 

Oi 

Ti 

Xl 

0 

Oi 




T 2 X2 
0 02 




Thus D° is a derivation on T. Due to 


Ti xi 

0 Oi 

As(T) S(x) 
0 d(a) 


T2 X2 
0 02 

= ||A,(T)|| + ||5(a;)|| + |M(o)||< 


maxlllA^II, ||(5||, 


T X 
0 o 


I, we infer that is bounded. 

Now suppose that 5 is a generalized inner derivation. Then there exist a & A and T G 
B{M) such that 6{x) = T{x) — xa (x e M). For all S G B{M), b e A and y e M we have 


D 


T 0 
0 o 


^ y 
0 b 


T 0 
0 o 


^ y 
0 b 


S y 
0 b 


T 0 
0 o 


= D 


TS-ST T.y-ya 
0 ab — ba 

MS) M) 

0 da{b) 

5 I S y 

0 b 
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Hence = D / \ and so is an inner derivation. 

I T 0 ^ 


0 a 


Conversely, let 5 be a bounded d-derivation such that the associated derivation be an 

. Then for each T G B(M),x G M,a ^ A we have 


inner derivation, say ^ f 

V 

A,(T) <5(x) ' 

0 d{a) 


To xo 
0 ao 

= D^\ 

= D 


T X 
0 a 

To Xo 
0 ao 


T X 
0 a 


( 2 . 1 ) 


ToT-TTo To{x) + xoa - T{xo) - xao 
0 aoa — aao 

TqT-TTo To{x) + xoa-T{xo) - xao 
0 c?ao(a) 


Hence d = da^ is inner. Putting a = 0 and T = 0 in (EH) we conclude that 6{x) = 
To{x) — xao {x G M). Hence d is a generalized inner derivation. □ 

The converse of the above theorem is true in the unital case. 

Theorem 2.9. Let A be unital and T be the triangular Banach algebra associated to a unital 
Banach right A-module M. Assume that D : T ^ T is a bounded derivation. Then there 
exist mo G M, a bounded derivation d : A —>■ A and a bounded d-derivation 6 : M ^ M such 
that 

T x\ / As{T) S{x) + moa — T.mo 

0 a J Y 0 d{a) 

Moreover, D is inner if and only if 6 is a generalized inner derivation. 

Proof. We use some ideas of Proposition 2.1 of [Hj. By simple computation one can verify 
that 


D 


Ci)D 


0 0 
0 u 


0 mo 
0 0 


for some mo G M; 
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fii) D 


fiii) D 


fiv) D 



0 m^a 


and finally D 
We have 


for some bounded derivation d on A: 


for some linear mapping S on M; 


0 d{a) 

0 (5(a;) 

0 0 

As{T) -T.mo 
0 0 

T x\ / As{T) 6{x) + rrioa — T.mQ 

0 a y I 0 d{a) 




Thus 6{xa) = (5(a;)a + xd{a) and so 5 is a d-derivation. 

It is clear that D is inner if and only if d is inner and, using Proposition 2.5, the latter 
holds if and only if <5 is a generalized inner derivation. □ 


Theorem 2.10. Let A be a unital Banach algebra, M he a unital Banach right A-module 

. Then H\T, T) = GH\M, M) 

Proof. Let T : GZ\M,M) H\T,T) be dehned by 

= |£>'| 


and T = 


( B{M) M 
0 A 




where [D^] represents the equivalence class of in H^{T, T). Clearly T is linear. We shall 
show that T is surjective. To end this, assume that H is a bounded derivation on T. Let <5, 
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d, As and mo G M be as in the Theorem 2.9. Then 


{D - D^) 


T X 
0 a 



6(x) + moo — T.rriQ 
d{a) 


0 rrioa — T.mg \ 

0 0 / 


V 


0 

0 


\ 

-mo 


0 




T 

0 



As{T) S{x) \ 
0 d{a) j 


So [D] = [D^] = \I/(5) and thus T is surjective. Therefore H^{T,T) = GZ^{M, M)/Ker{'^). 

Note that 6 G it'er(\I/) if and only if is inner derivation on T. Hence i^er(\l/) = 
GN\M, M), by Theorem 2.8. Thus H\r, T) = GH^{M, M). □ 

Example 2.11. Suppose that A is unital and M = A. Then B{A) = A and so GH^{A, A) = 




( 


A A 
0 A 


A A 
0 A 


H^(A,A), by Proposition 4.4 of jH]. In particular, every 


generalized derivation on a unital commutative semisimple Banach algebra IZQ, a unital 
simple C^-algebra [20]; or a von Neumann algebra |T3j is generalized inner. 


We have investigated the interrelation between generalized derivations on a Banach algebra 
and its ordinary derivations. We also studied generalized derivations on a Banach module 
in virtue of derivations on its associated triangular Banach algebra. Thus, we established a 
link between two interesting research areas: Banach algebras and triangular algebras. 

Acknowledgment. The authors sincerely thank the referee for valuable suggestions and 
comments. 
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